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Abstract
We construct the all loop effective action representing, for small couplings, simultane-
ously self- and mutually interacting current algebra CFTs realized by WZW models.
This non-trivially generalizes our previous works where such interactions were, at the
linear level, not simultaneously present. For the two coupling case we prove integra-
bility and calculate the coupled RG flow equations. We also consider non-Abelian
T-duality type limits. Our models provide concrete realisations of integrable flows
between exact CFTs and exhibit several new features which we discuss in detail.
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1 Introduction
The purpose of the present work is to derive the all-loop effective action and study
important properties such as integrability and the behavior under the renormalization
group (RG) flow, of a class of theories based on WZW models for a group G which
encompasses and further generalizes all previous works in this research direction.
Such models deviate from the conformal point in a way that can be quite involved.
For small values of the coupling constants the deviation is driven by bilinears of the
WZW model chiral and anti-chiral currents, denoted by Ja±, where a = 1, 2, . . . , dim G.
These perturbations drive the theory away from the conformal point since they are
generically not exactly marginal. Their form may serve also to distinguish between
the different type of models existing in the literature and also singles out the present
work in comparison with previous ones.
The first such example was worked out in [1] where the unperturbed conformal field
theory (CFT) was a single WZW model for a group G and level k for the corresponding
1
current algebra. In this case the perturbation contains terms proportional to
Ja+ J
b− . (1.1)
The currents belong to the same original CFT, so that this is a theory of self-interactions.
The next natural step in this program was to consider the case in which the original
CFT is composed by two WZW models with currents Jai±, with i = 1, 2 and the pertur-
bation being a linear combination of the two current bilinears of the form
Ja1+ J
b
2− , J
a
2+ J
b
1− . (1.2)
Such perturbations presents a mutual interaction of the two WZW model theories and
there are no self-interaction terms of currents in the same WZW model. The effective
action for this case was constructed for equal current algebra levels in [2] and ex-
tended to the unequal level case in [3] which, although technically similar to the equal
level case, encodes some new important physical features. An extension of these with
several WZW models mutually interacting was constructed in [4].
These models were generically called λ-deformed from the letter-symbol λab used for
the coefficients multiplying the perturbative terms in (1.1) and (1.2). Beyond the linear
level the effective actions [1] and [2,3] have of course non-trivial dependence on these
λ-parameters.
Although the σ-model all-loop effective actions corresponding to the perturbations
(1.1) and (1.2) are different, certain quantum characteristics of the models, concern-
ing in particular the renormalization group (RG) are the same or closely related. To
explain that, let us first recall that the RG flow equations for the σ-model of [1] were
computed, exactly in λ and for large k, using gravitational methods [5, 6] with re-
sults in perfect agreement with those obtained in the past using field theoretical meth-
ods [7–9] and more recently in [10]. In addition, all-loop correlators of current and
primary field operators have been computed in [11–13]. In these computations a few
terms obtained using perturbation theory and the non-perturbative symmetry, argued
via path integral considerations in [14], were enough to obtain the exact results. In ad-
dition, for the σ-model of [2,3] the anomalous dimensions of current and primaries in
this theory were computed using CFT techniques in a field theoretical approach and
symmetry arguments in [15]. As it turns out the β-functions for the couplings are iden-
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tical to those of several non-coupled single λ-deformed models. Also, the anomalous
dimensions of currents are related, though for the anomalous dimensions of generic
primary field operators the results differ. The reason for such remarkable agreements
is the fact that from a CFT point of view each of the two terms in (1.2) is the same as
the one in (1.1) and moreover these two terms have vanishing operator product ex-
pansion (OPE), i.e. are mutually non-interacting. Hence, the corresponding couplings
constants run independently under the RG flow and similar arguments can be made
for the anomalous dimensions. In further support of the above, one can show [4] that
the effective action of [2] is canonically equivalent to the sum of two actions as in [1].
We note that the most general expressions for the β-functions and anomalous dimen-
sions for the operator driving the perturbation can be found in [16]. This includes
the most general coupling matrix λab and having different levels for the chiral and
anti-chiral currents. Remarkably, the above developments allowed the computation
of Zamolodchikov’s C-function [17] exactly in the deformation parameter for the case
of isotropic perturbations and to leading order in k in [18]. The similarities mentioned
above for the models corresponding to (1.1) and (1.2) extend to this case as well, the
reason being the close relation of the β- and C-functions [17].
There were many other parallel developments or closely related to the above. Of par-
ticular importance is the extension to cases where the unperturbed CFT of a single
WZW model is replaced by a coset CFT [1, 19–21]. The corresponding analysis for
the case of supergroups was considered in [19, 20]. In addition, though integrability
has not been a key factor in the computation of the β-functions and of the opera-
tors anomalous dimensions, in the case of isotropic deformations the above models
have been demonstrated to be integrable [1, 19, 20, 22], [21] and [2, 3]. For the par-
ticular case of the isotropic deformation based on SU(2) this has been proven before
in [23]. Integrability was shown to persist in some other cases with more deformation
parameters [24, 25]. Furthermore, deformed models of low dimensionality have been
embedded to supergravity [26–29]. Moreover, λ-deformations are related via Poisson-
Lie T-duality, introduced for group spaces in [30] and extended for coset spaces in [31],
and appropriate analytic continuations [32,33], [25,34–36] to η-deformations for group
and coset spaces which were introduced in [37–39] and [40–42], respectively. The dy-
namics of scalar fields in some λ-deformed geometries corresponding to coset CFTs
has been discussed in [43], the relation to Chern-Simons theories in [44] and D-branes
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in the context of λ-deformations in [45].
A very important remaining question is to construct a theory in which all current
bilinears constructed form the original CFT based on two WZW models play rôle in
the perturbation, that is all terms of the following type are present at the linear level
and on equal footing
Ja1+ J
b
1− , J
a
2+ J
b
2− , J
a
1+ J
b
2− , J
a
2+ J
b
1− . (1.3)
In this paper we overtake precisely this task and construct in section 2 the effective
action taking into account all loop effects corresponding to the simultaneous presence
of all of the above perturbations, self as well as mutual. In this case all terms have
non-vanishing OPEs with each other at a sufficiently high order in perturbation the-
ory. Therefore it its expected that the β-functions and anomalous dimensions for the
operators will generically depend on all coupling constants. We focus for simplicity
to a particular two parameter model case. We will provide a proof that the model is
integrable and we will construct a non-Abelian T-duality limit in section 3. In section
4 we will derive and study in detail the RG flow equations for these couplings. We
conclude the paper in section 5.
2 The Lagrangian and the equations of motion
In this section we construct our effective actions and the corresponding equations of
motion.
Consider the group elements gi, i = 1, 2 in a group G and the corresponding actions
for two WZW models at levels k1 and k2. We add to them the action of two PCMs
which are mutually interacting and are constructed by two group elements g˜i, i = 1, 2
in the same group G. Namely, we have that
Ski,Ei(gi, g˜i) = Sk1(g1) + Sk2(g2)−
1
pi
∫
d2σ
(
g˜−11 ∂+ g˜1E1 g˜
−1
1 ∂− g˜1
+ g˜−11 ∂+ g˜1E2 g˜
−1
2 ∂− g˜2 + g˜
−1
2 ∂+ g˜2E3 g˜
−1
1 ∂− g˜1 + g˜
−1
2 ∂+ g˜2E4 g˜
−1
2 ∂− g˜2
)
,
(2.1)
where the Ei, i = 1, 2, 3, 4 are generic coupling matrices. In the spirit of [1,2] we gauge
the global symmetry acting on the group elements as gi → Λ−1i giΛi and g˜i → Λ−1i g˜i,
4
i = 1, 2. Hence, we will consider the gauge invariant action
Ski,Ei(gi, g˜i, A±, B±) = Sk1(g1, A±) + Sk2(g2, B±)−
1
pi
∫
d2σ
(
g˜−11 D+ g˜1E1 g˜
−1
1 D− g˜1
+g˜−11 D+ g˜1E2 g˜
−1
2 D− g˜2 + g˜
−1
2 D+ g˜2E3 g˜
−1
1 D− g˜1 + g˜
−1
2 D+ g˜2E4 g˜
−1
2 D− g˜2
)
, (2.2)
where the standard gauged WZW action is
Sk1(g1, A±) = Sk1(g1) +
k1
pi
∫
d2σ Tr
(
A−∂+g1g−11 − A+g−11 ∂−g1
+ A−g1A+g−11 − A−A+
) (2.3)
and similarly for Sk2(g2, B±). The covariant derivatives are defined as D± g˜1 = (∂± −
A±)g˜1 and D± g˜2 = (∂± − B±)g˜2. After fixing the gauge in (2.2) as g˜1 = g˜2 = 1 we
arrive at the following action
Ski,λi(g1, g2, A±, B±) = Sk1(g1) + Sk2(g2)
+
k1
pi
∫
d2σ Tr
(
A−∂+g1g−11 − A+g−11 ∂−g1 + A−g1A+g−11
)
+
k2
pi
∫
d2σ Tr
(
B−∂+g2g−12 − B+g−12 ∂−g2 + B−g2B+g−12
)
−
√
k1k2
pi
∫
d2σ
(
B+λ−11 A− + A+λ
−1
2 B− + B+λ
−1
3 B− + A+λ
−1
4 A−
)
,
(2.4)
where for later convenience we have redefined the coupling matrices appearing in the
PCM models as√
k1k2 λ−11 = E3 ,
√
k1k2 λ−12 = E2 ,√
k1k2 (λ−13 − λ−10 ) = E4 ,
√
k1k2 (λ−14 − λ0) = E1 .
(2.5)
In order to obtain the σ-model we can integrate out the gauge fields since they appear
only quadratically. To do that we use their equations of motion which we prefer to
present later in (2.13). In this way we find that
A+ = i
(
(λ0λ
−T
3 − D2)λT1 (λ−10 λ−T4 − D1)− λ−T2
)−1(
(λ0λ
−T
3 − D2)λT1 J1+ − λ−10 J2+
)
,
B+ = i
(
(λ−10 λ
−T
4 − D1)λT2 (λ0λ−T3 − D2)− λ−T1
)−1(
(λ−10 λ
−T
4 − D1)λT2 J2+ − λ0 J1+
)
(2.6)
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and that
A− = −i
(
(λ0λ
−1
3 − DT2 )λ2(λ−10 λ−14 − DT1 )− λ−11
)−1(
(λ0λ
−1
3 − DT2 )λ2 J1− − λ−10 J2−
)
,
B− = −i
(
(λ−10 λ
−1
4 − DT1 )λ1(λ0λ−13 − DT2 )− λ−12
)−1(
(λ−10 λ
−1
4 − DT1 )λ1 J2− − λ0 J1−
)
.
(2.7)
The definition of the matrices Dab and the currents Ja± is as follows
Ja+ = −i Tr(ta∂+gg−1), Ja− = −i Tr(tag−1∂−g) , Dab = Tr(tagtbg−1) , (2.8)
where the ta’s are Hermitian matrices obeying [ta, tb] = i fabctc, for some real algebra
structure constants. When a current or the orthogonal matrix D has an index 1 or 2
this implies that one should use the corresponding group element in its definition. In
addition, we have defined the ratio of the two levels
λ0 =
√
k1
k2
. (2.9)
Substitution of the expressions for the gauge fields into (2.4) results into a σ-model
action which can be written in matrix notation as
Ski,λi(g1, g2) = Sk1(g1) + Sk2(g2)
+
1
pi
∫
d2σ
[
k1 J1+
(
(λ0λ
−1
3 − DT2 )λ2(λ−10 λ−14 − DT1 )− λ−11
)−1(
(λ0λ
−1
3 − DT2 )λ2 J1− − λ−10 J2−
)
+ k2 J2+
(
(λ−10 λ
−1
4 − DT1 )λ1(λ0λ−13 − DT2 )− λ−12
)−1(
(λ−10 λ
−1
4 − DT1 )λ1 J2− − λ0 J1−
)]
.
(2.10)
Note that, for λ1,2 → ∞ one obtains two decoupled single λ-deformed models [1].
These can be most easily seen by taking this limit in (2.4) before integrating out the
gauge fields. Hence, then (2.10) describes self-interactions for two decoupled WZW
models which for small values of the remaining couplings λ3,4 are of the form (1.1).
On the other hand if λ3,4 → ∞ one obtains the model of [2] corresponding for small
values of λ1,2 to mutual interactions of two WZW models of the form (1.2). This may
also easily seen from inspecting (2.4).
By keeping all matrices one has the most general scenario. Indeed, if we take small
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values for the entries of the λ-matrices keeping nevertheless their ratios finite, we
obtain that
Ski,λi(g1, g2) = Sk1(g1) + Sk2(g2) +
1
pi
∫
d2σ
[
k1λ0M2 J1+ J1−
− k1λ−10 M3 J1+ J2− + k2λ−10 M1 J2+ J2− − k1λ0M4 J2+ J1−
]
+ · · · ,
(2.11)
where we took for simplicity all the λ-matrices proportional to the identity and we
have defined the constants
(M1, M2, M3, M4) =
1
λ1λ2 − λ3λ4 (λ1λ2λ3,λ1λ2λ4,λ1λ3λ4,λ2λ3λ4) . (2.12)
These constant couplings are small and of the same order of magnitude as the original
λ’s. Hence, what drives the original CFT, which is given by the sum of the two WZW
actions in (2.11), away from the conformal point is indeed a linear combination of all
terms in (1.3) representing simultaneously self- and mutual-interactions.
We will write in some detail the equations of motion since this will be convenient
in demonstrating that the theory described by the actions (2.4) and (2.10) is integrable
for a particular case where two out of the four couplings are present.
Varying (2.4) with respect to A± and B± we find the following constraints
D+g1 g−11 = (λ
−1
0 λ
−T
4 − 1)A+ + λ−10 λ−T1 B+ ,
g−11 D−g1 = (1− λ−10 λ−14 )A− − λ−10 λ−12 B− ,
D+g2 g−12 = (λ0λ
−T
3 − 1)B+ + λ0λ−T2 A+ ,
g−12 D−g2 = (1− λ0λ−13 )B− − λ0λ−11 A− ,
(2.13)
where the covariant derivatives acting on the group elements are defined according
to the transformation laws that leave (2.2) invariant. Namely, D±g1 = ∂±g1− [A±, g1]
and D±g2 = ∂±g2 − [B±, g2]. By solving these for the gauge fields we obtain the
solution (2.6) and (2.7) we have already presented. Varying the action with respect to
group elements g1 and g2 results into
D−(D+g1g−11 ) = F
(A)
+− , D−(D+g2g
−1
2 ) = F
(B)
+− , (2.14)
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where the field strenghts are defined as usual
F(A)+− = ∂+A− − ∂−A+ − [A+, A−] , F(B)+− = ∂+B− − ∂−B+ − [B+, B−] . (2.15)
Equivalently, the equations (2.14) can be written as
D+(g−11 D−g1) = F
(A)
+− , D+(g
−1
2 D−g2) = F
(B)
+− . (2.16)
The next step is to substitute the constraint equations (2.13) in (2.14) and (2.16). After
some algebra one obtains the following two sets of equations
∂+A− − λ−10 λ−T4 ∂−A+ − λ−10 λ−T1 ∂−B+ = λ−10 [λ−T4 A+, A−] + λ−10 [λ−T1 B+, A−] ,
∂+B− − λ0λ−T3 ∂−B+ − λ0λ−T2 ∂−A+ = λ0[λ−T3 B+, B−] + λ0[λ−T2 A+, B−]
(2.17)
and
λ−10 λ
−1
2 ∂+B− − ∂−A+ + λ−10 λ−14 ∂+A− = λ−10 [A+,λ−14 A−] + λ−10 [A+,λ−12 B−] ,
λ0λ
−1
1 ∂+A− − ∂−B+ + λ0λ−13 ∂+B− = λ0[B+,λ−13 B−] + λ0[B+,λ−11 A−] .
(2.18)
These are written solely in terms of the gauge fields and the group elements are im-
plicitly present via (2.6) and (2.7).
The actions (2.4) and (2.10) as well as the set of equations of motion (2.17) and (2.18)
are invariant under the Z2-symmetry
k1 ↔ k2 , λ1 ↔ λ2 , λ3 ↔ λ4 , A± ↔ B± , g1 ↔ g2 . (2.19)
Due to this symmetry we may take k1 6 k2 with no loss of generality. In addition, the
actions are invariant under the parity transformation
+↔ − , A+ ↔ A− , B+ ↔ B− , gi → g−1i , i = 1, 2 ,
λ1 ↔ λT2 , λ3 → λT3 , λ4 → λT4 ,
(2.20)
upon which the equations (2.17) and (2.18) are interchanged.
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We note the following interesting case. If we choose
λ−11 = λ
−1
2 =
1
4
(1− λ−1)(λ0 + λ−10 ) ,
λ−13 = λ
−1
4 =
1
4
λ−10 (λ
−1 − 1) + 1
4
λ0(λ
−1 + 3)
(2.21)
and after redefining A± → A1± and B± → A2± then the action (2.4) become that in Eq.
(2.1) of [21]. It has been shown in that work that the corresponding σ-model action is
the λ-deformation Gk1 ×Gk2/Gk1+k2 coset CFT model and moreover it is an integrable
one. Various other properties of this special λ-deformed models were worked out
extensively in [21].
In the rest of the paper we will restrict ourselves to the isotropic case in which
all coupling matrices are proportional to the identity, reserving nevertheless the same
symbol of the proportionality constant, i.e.
(λi)ab = λiδab , ∀ i = 1, 2, 3, 4 . (2.22)
3 Truncation to a two-parameter integrable model
In this section we discuss in detail a two-parameter model which arises by taking the
limit λ2,λ3 → ∞. We will see below in the calculations of the β-functions of the model
that this is a consistent truncation of the full theory. From (2.4) we see that there is a
term mixing B+ and A−. Hence, we expect that the resulting σ-model will describe
self-interactions as well mutual ones. Indeed, the perturbation from the conformal
point will be driven by the first and fourth bilinear in (1.3). Simple quantum field
theoretical arguments show that the inclusion of third bilinear is not self-consistent at
the quantum level and one necessarily has to include the remaining fourth bilinear as
well.
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3.1 Truncation of the action and the equations of motion
In the limit λ2,λ3 → ∞. the action (2.10) takes the form
Sk1,k2(g1, g2) = Sk1(g1) + Sk2(g2)
+
k1
pi
∫
d2σ J1+(λ−10 λ
−1
4 1− DT1 )−1 J1−
− k2
pi
∫
d2σ J2+D2 J2−
+
k2
pi
λ0λ
−1
1
∫
d2σ J2+D2(λ−10 λ
−1
4 1− DT1 )−1 J1− .
(3.1)
One observes that combining Sk2(g2) and the third line we obtain the WZW model
action S−k2(g
−1
2 ) which has negative signature.
1 To remedy the situation we perform
the following redefinition of the couplings and analytic continuation in the specified
order
λ4 = λ
−1
0 λ , λ1 = λ0λλ˜
−1 ,
then let k2 → −k2 , g2 → g−12 .
(3.2)
Then the action (3.1) becomes
Sk1,k2(g1, g2) = Sk1(g1) +
k1
pi
∫
d2σ J1+(λ−11− DT1 )−1 J1− + Sk2(g2)
+
k2
pi
λ˜λ−1
∫
d2σ J2+(λ−11− DT1 )−1 J1− .
(3.3)
The first line is the original λ-deformed model and a WZW model, whereas the sec-
ond line represents their mutual interaction. Since the matrix D1 is orthogonal it has
eigenvalues lying on the unit circle. Therefore, to avoid singularities we restrict to
−1 < λ < 1. Moreover, examining the determinant and the trace of the metric that
can be extracted from (3.3) we find that Euclidean signature is guaranteed provided
that the parameters λ and λ˜ are such that they lie within the ellipsis, i.e.
λ2 +
k2
k1
λ˜2 < 1 , (3.4)
1This is expected since the conditions for having a Euclidean signature for the PCM part of the
action (2.1) are E1 + E4 > 0 and E1E4 − E2E3 > 0. For the two parameter model in question the limit
λ2,λ3 → ∞ corresponds to setting E2 = 0 and E4 = −k2. Then, these conditions simplify to E1 > k2
and E1k2 < 0 which are impossible to satisfy for k2 > 0. Hence, even for the original action (2.4)
demanding Euclidean signature requires flipping the sign of k2.
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in addition to k1, k2 being positive integers. Note that since we have broken the Z2-
symmetry by turning off two of the possible interacting terms between gauge fields in
we cannot assume with no generality loss that one of the levels is larger than the other
since that would have been a restriction of the possible parametric space. This will be
important when we discuss the RG flows equations and the associated fixed points in
section 4.
For small values of λ and λ˜ we have that
Sk1,k2(g1, g2) = Sk1(g1) + Sk2(g2)
+
k1
pi
λ
∫
d2σ J1+ J1− +
k2
pi
λ˜
∫
d2σ J2+ J1− +O(λ2,λλ˜) .
(3.5)
Hence we have simultaneously mutual as well as self-interactions between two WZW
models. Thus (3.3) is the corresponding exact effective action in which all loop ef-
fects in λ and λ˜ are taken into account. By construction gravity is trusted for small
curvatures which is warranted as long as k1, k2  1.
One can show that the action (3.3) has the following non-perturbative in parameter
space symmetry
g1 → g−11 , λ→
1
λ
, k1 → −k1 , λ˜→ λ˜
λ
. (3.6)
This is an extension of the similar symmetry for the original λ-deformed theory [1]
found in [14,5] and of the similar ones in [2,3] and [21]. This symmetry mixes the two
coupling constants and it will be a symmetry of the β-functions which we will com-
pute below in section 4. Moreover, it is expected to be a symmetry of the anomalous
dimensions and of the correlation functions of the various operators in the theory as
it happened in analogous computations in [11, 12] and [13].
The equations of motion for this two-parameter σ-model case can be obtained by tak-
ing the limit λ2,λ3 → ∞ in the equations (2.17) and (2.18). The result is given by
λ0λ1λ4∂+A− − λ4∂−B+ − λ1∂−A+ = λ4[B+, A−] + λ1[A+, A−] ,
∂+B− = 0 ,
∂+A− − λ0λ4∂−A+ = [A+, A−] ,
λ0∂+A− − λ1∂−B+ = λ0[B+, A−] .
(3.7)
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After the redefinitions (3.2) these become
− k1
k2
λ∂+A− − λ˜∂−B+ + k1k2 ∂−A+ = λ˜[B+, A−]−
k1
k2
[A+, A−] ,
∂+B− = 0 ,
∂+A− − λ∂−A+ = [A+, A−] ,
λ˜∂+A− − λ∂−B+ = λ˜[B+, A−] .
(3.8)
Hence, the field B− decouples from the rest of the equations.
For λ˜ = λ the above system can be further simplified to(
1+
k2
k1
)
λ∂+A− − ∂−A+ = [A+, A−] ,
∂+B− = 0 ,
∂+A− − λ∂−A+ = [A+, A−] ,
∂+A− − ∂−B+ = [B+, A−] .
(3.9)
In that case the first and third equations are enough to determine A±. Then the last
equation can be integrated in order to obtain B+.
These systems of equations, in particular (3.8), will be used next to show integrability
of our two-parameter model.
3.2 Integrability
We will show that the above theory with two independent couplings λ and λ˜ is inte-
grable. To achieve this goal we should be able to derive the four equations of motion
(3.8) from a Lax pair containing a spectral parameter. However, as it has been already
mentioned, the second equation among them decouples since B− does not appear in
any of the rest three equations. Furthermore, this equation implies chirality for B−
hence implying an infinite number of conserved charges which can be constructed
solely from B−. It is, thus, enough to determine a Lax connection for the remaining
three equations of motion.
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To proceed we will assume that the Lax connection takes the following form
L+ = uA+ + vB+, L− = λ−1wA−, (3.10)
where u, v and w are constants depending on the couplings λ and λ˜, as well as on the
WZW levels k1 and k2 and the spectral parameter. The deformation parameter λ has
been introduced in the above expression for convenience. From the Lax equation
∂+L− − ∂−L+ − [L+,L−] = 0 , (3.11)
one then obtains
λ−1w∂+A− − u∂−A+ − v∂−B+ − λ−1uw[A+, A−]− λ−1vw[B+, A−] = 0 . (3.12)
We may solve the system (3.8) in terms of the derivatives of the gauge fields to obtain
that
∂+A− =
1
∆
(
k1(1− λ)[A+, A−] + k2λ˜(λ− λ˜)[B+, A−]
)
,
∂−A+ =
1
λ∆
((
k2λ˜2 − k1λ(1− λ)
)
[A+, A−] + k2λ˜(λ− λ˜)[B+, A−]
)
,
∂−B+ =
λ˜
λ∆
(
k1(1− λ)[A+, A−] +
(
k2λλ˜− k1(1− λ2)
)
[B+, A−]
)
,
(3.13)
where we have defined the constant
∆ = k1(1− λ2)− k2λ˜2 . (3.14)
Substituting (3.13) into (3.12) results into two algebraic equations obtained by equat-
ing to zero the coefficients of the commutators [A+, A−] and [B+, A−]. These are given
by[
k2λ˜2 − k1(1− λ2)
]
uw− [k2λ˜2 − k1λ(1− λ)]u + k1(1− λ)(w− λ˜v) = 0 ,[
k2λ˜2 − k1(1− λ2)
]
vw− λ˜[k2λλ˜− k1(1− λ2)]v + k2λ˜(λ− λ˜)(w− u) = 0 . (3.15)
Obviously, satisfying this system leaves one parameter free among any combination
of u, v and w which may serve as the spectral parameter of the Lax pair in (3.10). An
explicit solution is obtained by solving (3.15) for u and v in terms of w and identify the
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latter with the spectral parameter z. The result is
L+ = k1(λ− 1)z(z− λ˜)Q A+ −
k2λ˜(λ− λ˜)(z− 1)z
Q
B+, L− = λ−1zA−
Q = k1(λ− 1)(λ(z− 1) + z)(z− λ˜) + k2λ˜2(z− 1)(z− λ).
(3.16)
Note that for λ˜ = λ the Lax pair in (3.16) has vanishing coefficient for B+. This is
consistent with the fact that in (3.9) only two of the equations involving A+, A− are
independent as explained in the text.
This concludes the proof that the two parameter model is indeed integrable. As noted,
a key ingredient for this proof is the fact that B− decouples form the other three fields
which form a closed system of the equations. This is not the case for the more gen-
eral system (2.17) and (2.18) which makes the investigation of integrability in the four
parameter model much more involved.
3.3 The non-Abelian T-duality limit
Near λ = 1 we get a singularity in the manifold. However, one may zoom in by taking
simultaneously the large k1-limit as in [1]. To do that the most convenient way we first
rename k2 and g2 as k and g, respectively. Then we expand for k1  1 as
λ = 1− k
2ζk1
+O
(
1
k21
)
, g1 = I+ i
k
2ζ
vata
k1
+O
(
1
k21
)
, (3.17)
where ζ is a new coupling parameter. This leads to
Ja1± =
k
2ζ
∂±va
k1
+O
(
1
k21
)
, (D1)ab = δab +
k
2ζ
fab
k1
+O
(
1
k21
)
,
fab = fabcvc .
(3.18)
In this limit the action (3.3) becomes
S = Sk(g) +
k
2piζ
∫
d2σ ∂+va(1+ f )−1ab ∂−v
b +
kλ˜
pi
∫
d2σ Ja+(1+ f )
−1
ab ∂−v
b. (3.19)
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Note that Euclidean signature imposes a constraint on the parameters
ζ > 0 , ζλ˜2 < 1 . (3.20)
This σ-model represents the interaction of a WZW model for a group G and the non-
Abelian T-dual of the PCM for the same group. The original action corresponding
to the interaction of the WZW model and the PCM model itself via their respecting
currents is given by
S = Sk(g)− k2piζ
∫
d2σ Tr(g˜−1∂+ g˜g˜−1∂− g˜)− i kλ˜
pi
∫
d2σ Ja+Tr(t
a g˜−1∂− g˜) , (3.21)
which also has Euclidean signature thanks to (3.20). Indeed, performing a non-Abelian
T-duality transformation (following the conventions of [46]) on this action with respect
to the left action on the group element g˜ ∈ G we obtain (3.19).
We also mention a further consistent limit concerning ζ → 0 involving also a stretch-
ing of the coordinates va. Specifically,
va =
√
ζxa , λ˜ =
η√
ζ
, ζ → 0 . (3.22)
Then (3.19) becomes
S = Sk(g) +
k
2pi
∫
d2σ (∂+xa∂−xa + 2η Ja+∂−xa) , (3.23)
which represents the interaction of a WZW model action with flat space of equal di-
mensionality. The model has Euclidean signature provided that 0 < η2 < 1.
Finally, let us note that in the non-Abelian limit (3.17) the equations of motion in (3.8)
become
1
2ζ
∂+A− − λ˜∂−B+ = λ˜[B+, A−] ,
∂+B− = 0 ,
∂+A− − ∂−A+ = [A+, A−] ,
λ˜∂+A− − ∂−B+ = λ˜[B+, A−] .
(3.24)
Note that the limit is well defined since the seemingly infinite term arising by tak-
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ing the limit in the first equation (3.8) has a vanishing coefficient thanks to the third
equation above.
It turns out that the systems (3.24) and (3.8) when λ˜ = λ are identical upon a certain
identification. This can be seen by interchanging A+ and B+ and identifying the pairs
of parameters (2ζ, λ˜) and
( k1
k1 + k2
,
1
λ
)
. Since, non-Abelian T-duality on PCM with or
without spectator fields is a canonical transformation [47–49] it is expected to preserve
integrability, as it was shown for instance in [50]. Hence, we also conclude that (3.21)
is an integrable σ-model as well.
4 Renormalization group flows
In this section we compute the β-function equations for the couplings λ and λ˜. In order
to do so one should in principle resort to the general equations involving the RG for
two-dimensional σ-models [51–53]. Although this task has been undertaken for the
original λ-deformation model of [1] in [5, 6] it is nevertheless a formidable one due
to the enormous effort required in computing gravity tensors for the σ-model (2.10)
and even for the simpler one (3.3). However, there is an alternative method initiated
in the present context in [10] for the isotropic case for λ-deformations and since it has
been extended and applied to full generality [16]. We will adopt this computational
method and will present many details for pedagogical reasons.
4.1 The β-functions
To compute the running of couplings we choose a particular configuration of the
group elements gi. Namely, we choose gi = eσ
µθ
(i)
µ , i = 1, 2, where the matrices θ(i)µ ,
µ = ± are constant and commuting. Then Ji± = −iθ(i)± and the expressions (2.6) and
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(2.7) for the classical values for the gauge fields become2
A(0)+ =
1
Γ
(
(λ0λ
−1
3 − 1)θ(1)+ − λ−10 λ−11 θ(2)+
)
,
B(0)+ =
1
Γ
(
−λ0λ−12 θ(1)+ + (λ−10 λ−14 − 1)θ(2)+
)
,
A(0)− =
1
Γ
(
−(λ0λ−13 − 1)θ(1)− + λ−10 λ−12 θ(2)−
)
,
B(0)− =
1
Γ
(
λ0λ
−1
1 θ
(1)
− − (λ−10 λ−14 − 1)θ(2)−
)
,
(4.1)
where we have defined the constant Γ = (λ0λ−13 − 1)(λ−10 λ−14 − 1)− λ−11 λ−12 . For the
gauge fields A± and B± the superscript denotes the fact that these are classical values
for the gauge fields. Then the Lagrangian density corresponding to the action (2.10)
reads
L(0) = 1
pi
(
θ
(1)
+ θ
(2)
+
)( − k12 − k1∆ (λ0λ−13 − 1) k2∆ λ0λ−12
k1
∆ λ
−1
0 λ
−1
1 − k22 − k2∆ (λ−10 λ−14 − 1)
)(
θ
(1)
−
θ
(2)
−
)
.
(4.2)
We will be particularly interested in two parameter action (3.3). The case with
four couplings can be similarly worked out, but the resulting expressions are quite
complicated and not very enlightening. Proceeding for the two parameter case we
have that the classical solution to the gauge fields is given by
A(0)+ =
λ
1− λ
(
λθ
(1)
+ +
k2
k1
λ˜θ
(2)
+
)
,
B(0)+ = θ
(2)
+ ,
A(0)− = −
λ
1− λθ
(1)
− ,
B(0)− = −
1
1− λ
(
λ˜θ
(1)
− + (1− λ)θ(2)−
)
.
(4.3)
The Lagrangian density corresponding to the action (3.3) reads
L(0) = − 1
pi
(
θ
(1)
+ θ
(2)
+
)( k1
2
1+λ
1−λ 0
k2 λ˜1−λ
k2
2
)(
θ
(1)
−
θ
(2)
−
)
. (4.4)
2 One might object on the use of these special group elements and to what extend the result to which
one will obtain this way will be background independent. The use is justified by the consistency of the
end result. In addition, this method has been applied for the models of [1, 3] using arbitrary group
elements as backgrounds and at the end the result is background independent [16].
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We note that in obtaining (4.3) and (4.4) from (4.1) and (4.2) we have used the redef-
inition (3.2) and subsequently we let k2 → −k2 and θ(2)± → −θ(2)± (corresponding to
inverting the group element g2 as in (3.2)).
The next step is to consider the fluctuations of the gauge fields around (4.3) and let
A± = A
(0)
± + δA± , B± = B
(0)
± + δB± ,
(A˜(0)± )ab = i fabc(A
(0)
± )c , (B˜
(0)
± )ab = i fabc(B
(0)
± )c .
(4.5)
The linearized fluctuations for the classical equations of motion (3.8) can be cast in the
form
Dˆ

δA−
δB+
δB−
δA+
 = 0 , (4.6)
where the operator Dˆ is first order in worldsheet derivatives. We will present the form
of this operator in the Euclidean regime and in momentum space. That means that one
should analytically continue τ → −ix1 and rename σ as x2. Denoting z = x1 + ix2 we
have that
σ+ → −iz , σ− → −iz¯ , ∂+ → i∂ , ∂− → i∂¯ . (4.7)
In addition, in passing to momentum space we have, for the plane wave basis we use,
that
ei(p+σ
++p−σ−) = e
i
2 (p
−σ++p+σ−) → e− i2 ( p¯z+pz¯) . (4.8)
Hence, the derivatives acting on the plane waves give in the Euclidean regime the
following result
(∂+, ∂−)ei(p+σ
++p−σ−) → 1
2
( p¯, p)e−
i
2 ( p¯z+pz¯) . (4.9)
Taking these into account and denoting for notational convenience 12( p¯, p) by (p+, p−),
we have that Dˆ = Cˆ + Fˆ, where
Cˆ =

− k1k2λp+ −λ˜p− 0
k1
k2
p−
0 0 p+ 0
p+ 0 0 −λp−
λ˜p+ −λp− 0 0
 (4.10)
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and
Fˆ =

λ˜B˜(0)+ − k1k2 A˜
(0)
+ −λ˜A˜(0)− 0 k1k2 A˜
(0)
−
0 0 0 0
A˜(0)+ 0 0 −A˜(0)−
λ˜B˜(0)+ −λ˜A˜(0)− 0 0
 . (4.11)
The effective Lagrangian of our model is then given by
−Leff = L(0) +
∫ µ d2p
(2pi)2
ln(det Dˆ)−1/2 . (4.12)
We are interested in the logarithmic divergence of this integral with respect to the UV
mass scale µ. Therefore, we will perform a large momentum expansion of the inte-
grand. We need to keep only terms proportional to
1
p+p−
since these are the ones
which, upon integration over the momenta, will give rise to a logarithmic ln µ, diver-
gence. Using the fact that
ln(det Dˆ) = ln det Cˆ + Tr ln(1+ Cˆ−1Fˆ)
= ln det Cˆ + Tr(C−1Fˆ)− 1
2
Tr(C−1Fˆ)2 + · · · .
(4.13)
the only term in the above equation that will contribute as described above is the
last one written. Indeed, by isolating the momentum dependence, one can write the
inverse of the matrix Cˆ as
Cˆ−1 = cˆ+
p+
+
cˆ−
p−
. (4.14)
Hence, the relevant part in Leff is
−Leff = L(0) + 18pi2
∫ µ d2p
p+p−︸ ︷︷ ︸
4×2pi ∫ µ dpp
Tr(cˆ+ Fˆcˆ− Fˆ)
= L(0) + 1
2pi
ln µ2 Tr(cˆ+ Fˆcˆ− Fˆ) ,
(4.15)
where we have finally substituted the complex momenta, i.e. p+ = p¯/2 and p− = p/2
and we have rewritten d2p = 2pipdp in polar coordinates and for angle independent
integrands. Next we demand that this action is µ-independent, i.e. ∂ln µ2Leff = 0. To
leading order in k1 and k2 this derivative acts only on the coupling constants in L(0).
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The above formalism is quite general. Specializing to our case we get
cˆ+ =
1
∆

k2λ 0 k1 −k2λ˜
0 0 0 0
0 1 0 0
0 0 0 0
 ,
cˆ− =
1
λ∆

0 0 0 0
k2λλ˜ 0 k1λ˜ −k1(1− λ2)
0 0 0 0
k2λ 0 k1λ2 + k2λ˜2 −k2λ˜
 ,
(4.16)
where ∆ is the same constant defined in (3.14). Evaluating the trace in (4.15) we obtain
Tr(cˆ+ Fˆcˆ− Fˆ) =
cG
(1− λ)∆2
[
k1λ
(
−k1λ(1− λ) + k2λ˜2(1+ λ− λ˜)
)
θ
(1)
+ θ
(1)
−
− k2λ˜2
(
1+ λ2 + λ(1− λ˜)− λ˜
) (
k1(1− λ)− k2λ˜)
)
θ
(2)
+ θ
(1)
−
]
,
(4.17)
were we have use that Tr(A˜(0)+ A˜
(0)
− ) = cG(A
(0)
+ )
a(A(0)− )a and where cG is the eigenvalue
of the quadratic Casimir in the adjoint representation defined as facd fbcd = cGδab. Sub-
sequently we have substituted the classical expressions (4.3). On the other hand
d
d ln µ2
L(0) = −k1
pi
βλ
(1− λ)2 θ
(1)
+ θ
(1)
− −
k2
pi
(
λ˜βλ
(1− λ)2 +
βλ˜
1− λ
)
θ
(2)
+ θ
(1)
− , (4.18)
which has precisely the same structure as (4.17). This observation is closely related to
the fact that truncating the full theory to the one with two couplings is consistent with
the RG equations. Imposing the condition ∂ln µ2Leff = 0, we get that the β-functions
are given by
βλ(λ, λ˜) = −cGλ(1− λ)k1λ(1− λ)− k2λ˜
2(1+ λ− λ˜)
2(k1(1− λ2)− k2λ˜2)2
(4.19)
and
βλ˜(λ, λ˜) = −cGλ˜(1− λ˜)
k1(1− λ)
(
λ˜− λ(λ− λ˜))− k2λ˜2
2(k1(1− λ2)− k2λ˜2)2
, (4.20)
each of which depends on both couplings as expected and argued for below (1.3).
We mention in passing that the above expressions are obtainable from the most
general RG flow equations for non-isotropic single λ-deformations [16]. This can be
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achieved by embedding the currents J1± and J2± into a single current J± = (J1±, J2±)
and subsequently setting k1 = k2 = 1. It turns out that, after some appropriate rescal-
ings of the currents, the dependence on the levels is reinstated by letting the structure
constants to be ( fabc/
√
k1, fabc/
√
k2). In the two coupling model case and in the above
basis, the deformation matrix reads
Λ =
(
λ1 0
λ−10 λ˜1 0
)
. (4.21)
We have checked using eq. (2.11) of [16] that (4.19) and (4.20) are indeed reproduced.
Because in the derivation of this general equation the inverse of the deformation ma-
trix is used and Λ above is non-invertible, we preferred to perform the independent
analysis presented in this subsection.
4.2 Properties of the RG flow
The above β-function equations are invariant under the non-perturbative symmetry
k1 → −k1 , λ→ 1
λ
, λ˜→ λ˜
λ
, (4.22)
as expected from the corresponding invariance (3.6) of the action. The transforma-
tion involves a mixing of the two parameters consistent with the fact that the system
consisting of (4.19) and (4.20) is coupled.
We have the following interesting limiting cases which also may serve as a check of
our results:
• It is consistent with the RG-flow equations to set λ˜ = 0. In this limit
λ˜ = 0 : βλ = − cG2k1
λ2
(1+ λ)2
, (4.23)
which is the β-function for the original λ-deformed model found in [7, 5]. This is
consistent with the fact that the action (3.3) becomes the sum of the λ-deformed action
with level k1 and that for the WZW model Sk2(g2).
• Next consider setting λ = 0 which is also a mathematically consistent truncation.
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Then if we redefine ζ = λ−10 λ˜, where as usual λ0 =
√
k1
k2
, we have that
λ = 0 : βζ = − cG2√k1k2
ζ2(ζ − λ0)(ζ − λ−10 )
(1− ζ2)2 , (4.24)
as it should be since the action (3.3) in that limit becomes the action found in [2, 3] for
two mutually interacting WZW models with only one possible coupling turned on.
•We may also consistently truncate the system by letting λ˜ = λ. Then (4.19) and (4.20)
degenerate to one equation given by
λ˜ = λ : βλ = −cGλ2(1− λ) k1 − (k1 + k2)λ2(k1 − (k1 + k2)λ2)2 . (4.25)
This expression can also be obtained in the following alternative way. When the two
couplings are equal, it can be seen from (3.5) that the perturbation is of the form
λ
pi
(k1 J1+ + k2 J2+)J1− =
ξ
pi
√
(k1 + k2)k1 J¯+ J1− ,
ξ =
√
k1 + k2
k1
λ , J+ =
1
k1 + k2
(k1 J1+ + k2 J2+) .
(4.26)
In our normalization kJ± generate current algebras at level k. Therefore, (k1 + k2)J+
is a current algebra at level k1 + k2. Hence we may use (4.24) for λ0 =
√
k1
k1+k2
to
obtain the RG equation for the coupling ξ. The result is indeed given by (4.25) after
the appropriate rescaling is taken into account.
• For equal levels we have that
k2 = k1 : βλ(λ, λ˜) = −cGλ(1− λ)λ(1− λ)− λ˜
2(1+ λ− λ˜)
2k1(1− λ2 − λ˜2)2
βλ˜(λ, λ˜) = βλ(λ˜,λ),
(4.27)
that is the expression for βλ˜ is obtained by interchanging λ and λ˜. The above β-
functions are in agreement with eq. (3.2) of [9] (after identifying g1 = 4λ and g2 = 4λ˜).
In this work the result was found by ressuming the perturbation series for the lin-
earised action (3.5).
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• In the non-Abelian limit (3.17) the RG-flow equations (4.19) and (4.20) become
βζ = − cG4k ζ
2 1− 2ζλ˜2(1− λ˜)
(1− ζλ˜2)2 (4.28)
and
βλ˜ = −
cG
4k
λ˜(1− λ˜)ζ 2λ˜− 1− 2ζλ˜
2
(1− ζλ˜2)2 . (4.29)
Finally, in the further limit (3.22) the β-function for ζ is automatically satisfied, whereas
that for the coupling constant η becomes
βη =
cG
2k
η3
(1− η2)2 . (4.30)
This corresponds to the k1 → ∞ (or k2 → ∞) limit of (4.24) as one expects since the
corresponding actions become identical.
4.3 RG fixed points
In this section, we elaborate on the structure of the RG equations by identifying the
RG fixed points and by presenting several figures exhibiting the flow of the theory in
the (λ, λ˜) plane.
For generic values for k1 and k2 there are six points at which the β-functions (4.19)
and (4.20) vanish simultaneously. Specifically, these are located at the points (λ∗, λ˜∗)
given by
F1 : (0, 0) , F2 :
(
0,
k1
k2
)
, F3 : (0, 1) , F4 :
( k1
k1 + k2
,
k1
k1 + k2
)
,
F5 :
(
1− k2
k1
, 1
)
, F6 : (1, 1) .
(4.31)
Note that points F4 and F5 are related by the transformation (4.22) whereas F6 is left
invariant. When k1 = k2, then F2 and F3 and F5 degenerate to the same point. Note that
there is a seemingly seventh zeroth of the β-functions at the point (1, 0). However, this
limit in the β-functions is not well defined since one gets different results depending
on the order one takes the limit.
The RG flows and the above fixed points are depicted at Figs. 1,2 and 3 for the cases
where k1 < k2, k1 > k2 and k1 = k2, respectively. In each figure the left part encodes
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RG flows in the entire (λ, λ˜)-plane and the ellipsis (or circle) (3.4) denotes the border
within which the signature of the σ-model (3.3) remains Euclidean. The right part is
just a zooming of the first quadrant.
Below we describe in detail the RG flows and the corresponding fixed points. Note
that the point F6 always lies outside the ellipsis bounding the region of Euclidean
signature regime no matter what the ratio of k1k2 is, whereas the points F1 and F4 always
lie in. In addition, to understand these RG flows we have computed the stability
matrix defined as Hij = ∂λjβλi at the relevant fixed points. For each fixed point within
the Euclidean domain regime the eigenvalues of the stability matrix (H1, H2) are given
by the values in the parenthesis below
F1 : (0, 0) , F2 :
( 1/2
k2 − k1 ,
1/2
k2 − k1
)
, F3 :
( 1/2
k1 − k2 , 0
)
,
F4 :
( 1
2k2
,− 1/2
k1 + k2
)
, F5 :
( 1
2k2
,
1/2
k1 − k2
)
.
(4.32)
We recall that two positive (negative) eigenvalues corresponds to an IR stable (un-
stable) fixed point. The corresponding directions are then irrelevant and relevant,
respectively.
Specifically, we have that:
Case k1 < k2 : This case is depicted at Fig.1. The three zeros of the β-functions inside
the ellipsis bounding the region of Euclidean signature regime are:
• The point F1 which is the CFT point corresponding to the CFT Gk1 ×Gk2 as it is clear
from (3.5).
• The point F2 at which the action (3.3) becomes a sum of two WZW actions, i.e.
Sk1(g1g2) + Sk2−k1(g2), corresponding to the CFT Gk1 × Gk2−k1 as in [3]. Clearly this is
an IR stable point.
• The point F4, which has one relevant and one irrelevant direction. It is not clear to
what CFT this point correspond to.
Case k1 > k2 : This case is depicted at Fig.2. The four zeros of the β-functions inside
the ellipsis bounding the region of Euclidean signature regime are:
• The point F1 which is the CFT point corresponding to the CFT Gk1 × Gk2 as in the
previous case.
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• The point F3 at which the action (3.3) becomes a sum of two WZW actions and the
corresponding CFT is Gk2 × Gk1−k2 . It has one irrelevant direction.
• The point F4, with one relevant and one irrelevant direction. It is not clear to what
CFT this point correspond to.
• The point with F5 which clearly is an IR stable point. It is also not clear to what CFT
this point correspond to.
Case k1 = k2 : This case is depicted at Fig.3. The two zeros of the β-functions inside
the ellipsis bounding the region of Euclidean signature regime are:
• The CFT point F1 as in the two previous cases.
• The point F4 similar to the two previous cases.
Note that, the point F2 (the same now as F3 and F5) is a singular one since the action
(3.3) becomes Sk1(g1g2) which is of dimensionality dim G instead of 2 dim G.
Non-Abelian limit : The RG flow is depicted in Fig. 4. In the neighborhood of the
line λ = 1 the σ-model becomes strongly coupled and it makes sense to perform the
zoom in non-Abelian limit (3.17). The physical Euclidean signature region is bounded,
according to (3.20), between the two red lines and the λ˜-axis.
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Figure 1: RG flows in the (λ, λ˜)-plane (λ-horizontal) for k2 = 2k1: The entire plane
(left), the first quadrant (right). The region bounded by the ellipsis is the allowed
region in which the signature of the metric remains Euclidean. The arrows point to-
wards the IR.
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Figure 2: RG flows in the (λ, λ˜)-plane (λ-horizontal) for k1 = 2k2: The entire plane
(left), the first quadrant (right).
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Figure 3: RG flows in the (λ, λ˜)-plane (λ-horizontal) for k1 = k2: The entire plane
(left), the first quadrant (right).
5 Discussion and future directions
It is a rare and remarkable occasion when one is able to derive exact results in a Quan-
tum Field Theory (QFT) in any number of dimensions. In certain cases, this may be
achieved in conjunction with some hidden symmetry, usually non-perturbative in na-
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Figure 4: RG flows in the (ζ, λ˜)-plane (ζ-horizontal) for the non-Abelian T-dual limit.
ture, which the theory possesses. Such an example is the maximally supersymmetric
gauge theory in 4-dimensions, i.e. N = 4 SYM, where integrability is the symmetry
playing the instrumental role.
Recently, an effective and rather effortless method was developed in order to ob-
tain exact results in certain two-dimensional QFTs. The theories under consideration
are conformal field theories of the WZW type perturbed by current bilinear opera-
tors. The method relies on the construction of the corresponding all-loop effective
actions for these theories [1–3]. One then uses these effective actions to determine
certain non-perturbative symmetries in the space of couplings. Making the plausible
assumption that the symmetries of the action are inherited by the observables of the
theory, one uses low-order perturbation theory, as well as the non-perturbative sym-
metries in order to derive exact expressions for the observables. This programme was
initiated and implemented in a series of papers mentioned in detail in the introduc-
tion in which exact expressions were obtained for the β-functions, for the anomalous
dimensions of current and primary operators, as well as for the 3-point correlators
involving currents and/or primary operators. We note in passing that many of the ex-
amples considered are also integrable, although this property has not been essentially
in the aforementioned calculations.
In this work we continue this line of research by considering a general class of
models whose UV Lagrangian is the sum of two WZW models at different levels. The
perturbations driving the theory off conformality consist of current bilinears involv-
ing currents belonging to both the same and different CFTs. The all-loop effective
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action of these models and the corresponding equations of motion were constructed
in section 2. In general these models depend on four general coupling matrices. In
section 3 and for simplicity, we consider a consistent truncation of the theory in which
only two of the couplings, λ and λ˜, are present. Firstly, we identify a non-perturbative
symmetry in the space of couplings λ and λ˜. Subsequently, we proved that the the-
ory is classically integrable by finding the appropriate Lax connection. In the same
section, we also consider non-Abelian T-duality type limits for the case of the models
with two couplings. We then proceeded in section 4 to derive the exact in the cou-
plings β-functions of our model. To this end we evaluate the determinant of the ma-
trix driving the fluctuations around a classical configuration that solves the equations
of motion. The expressions for the β-functions of our model enjoy the aforementioned
non-perturbative symmetry. The RG flow equations have a rich structure which also
depends on the relative value of the WZW levels k1 and k2. Subsequently, we deter-
mine the fixed points of the flow and the nature of the corresponding CFTs in most
of the cases. For the cases k1 > k2 and k2 > k1 there is always a fixed point, in the
allowed range of the space of couplings, that is an IR attractor. This is not the case for
k1 = k2 where all fixed points have both relevant and irrelevant directions. Lets us
also mention that our models provide concrete realisations of integrable flows between
exact CFTs.
A number of open questions remain to be addressed. Firstly, it would be inter-
esting to determine the exact nature of the CFTs in the cases not done in the present
work. Secondly, one could compute the anomalous dimensions of current operators,
as well as that of primary operators along the lines of [11–13, 15, 18, 4] starting with
the two -coupling model of section 3. Furthermore, the exact C-function of the mod-
els could be calculated as was done in [18] for simpler cases. We expect that these
computations will be technically quite challenging since the two coupling will both
enter non-trivially in the various expressions as we have seen in the expressions for
the β-functions.
Another direction would be to study the case where all four couplings are in play
by determining the RG equations and identifying their fixed points. Compared to
the two coupling case, we expect an even richer structure of the RG equations to be
unveiled. In addition, one could search for integrability in the four coupling case.
Finally, although it seems a formidable task, one could try to embed our models to
28
solutions of type-IIB or type-IIA supergravity.
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